We study two 3-3-1 models with i) five (four) charge 2/3 (−1/3) quarks and, ii) four (five) charge 2/3 (−1/3) quarks and a vector-like third generation.
I. INTRODUCTION
Nowadays it seems that in some sense the third generation may be different from the other ones: although a heavy top quark [1] can still be barely accommodated in the Standard Model it can bring some unexpected features to the mass spectrum problem, also, possibly the bottom quark couples to the Z 0 with a strength which is different from the strength of the d and s quarks [2] . The properties of the tau lepton and its neutrino can still bring up surprises [3] . On the other hand, if the cross section σ(pp → tt + X) obtained by the CDF Collaboration [1] is in fact higher than the prediction of quantum chromodynamics, this may be a signature of new quarks.
In the model based on the gauge symmetry SU(3) c ⊗ SU(3) L ⊗ U(1) N of Ref. [4] , the effective SU(2) ⊗ U(1) model coincides with the usual electroweak one. The three families belong to left-handed doublets and right-handed singlets of SU (2) . Hence, all of them have, at leading order, the same couplings to the W ± and Z 0 bosons. Also the extra quarks in that model have exotic 5/3 and −4/3 charges. The lepton sector is exactly the same of the Standard Model (SM). Although this model coincides at low energies with the usual electroweak model, it explains the fundamental questions: i) the family number and, ii) why sin 2 θ W < 1/4 is observed. Therefore, it is possible from the last constraint, to compute an upper limit to the mass scale of the SU(3) breaking of about 3 TeV [5] . This turns the 3-3-1 model an interesting possibility for the physics beyond the Standard Model, in particular if future experiences confirm in more detail an SU(2) ⊗ U(1) model (for instance if the Z → bb decay and several Z-pole asymmetries confirm the value expected in the model) and no new quarks with charge 2/3 and −1/3 were found.
However, if in the future new quarks were observed having the same charge than the quarks already known or, if the third generation turns to be in fact different from the other two generations (say, with different interactions), it will be necessary to consider modifications of the original 3-3-1 model. For instance, a model with five charge −1/3 and four charge 2/3 quarks has already been considered in Ref. [6] . There are, however, other representation contents: four charge −1/3 and five charge 2/3 quarks or, by the choice of the third generation in a vector-like representation of the electroweak symmetry. We will
give below an example of such a sort of model which is an extension of one of the models proposed some years ago in Ref. [7] .
Once we are convinced that theories based on the 3-3-1 gauge symmetry are interesting possibilities for the physics at the TeV range, we must study how the basic ideas of this sort of models can be generalized.
In (almost) all these models, which we recall that are indistinguishable from the Standard
Model at low energies, in order to cancel anomalies the number of families (N f ) must be divisible by the number of color degrees of freedom (3) . Hence the simplest alternative is 3 = N f . By denoting N q and N l the number of quark and lepton families, respectively, we will see that the relation N q = N l = N f = 3 is a particular feature of 3-m-1 models. When n = 3, N q and N l are still related to each other but it is not necessary that N q = N l in order to have anomaly cancellation.
In this work we also want to generalize these sort of models in several ways. Firstly, by expanding the color degrees of freedom (n) and the electroweak sector (m), i.e., we will consider models based on the gauge symmetry
In most of these extensions the anomaly cancellation occurs among all generations together, and not generation per generation. However, if a 3-3-1 model has the third generation not anomalous, in its extension also it will be so.
We will use the criterion that the values for m in Eq. (1.1) are determined by the leptonic sector. It means that if each generation is treated separately, SU(4) is the highest symmetry group to be considered in the electroweak sector. Thus, there is no room for SU(5) L ×U(1) N if we restrict ourselves to the case of leptons with charges ±1, 0.
In the color sector, for simplicity, in addition to the usual case of n = 3, we will comment the cases n = 4, 5. These extensions have been considered in the context of the SU(2) L ⊗ U(1) Y model [8, 9] .
Next, models with left-right symmetry and/or with horizontal symmetry are also considered. We discuss too a SU(6) grand unified theory in which one of these models may be embedded.
We must stress that all extensions of 3-3-1 models have flavor changing neutral currents (FCNC). However, up to now in all models of this kind which have been considered in detail, it was always possible to have, in the sector of the model which coincides with the observed one, natural conservation of flavor in the neutral currents. Hence, FCNC effects are restricted to the exotic sectors of the models. The only exception is model B below since in this case there are right-handed currents coupled to the Z 0 which do not conserve flavor but they involve arbitrary right-handed mixing matrix. Since all extensions of the 3-3-1 model that we will consider here have an SU(3) L subgroup, we think that the suppression of the FCNC in the observed part of the particle spectrum is a general feature of this kind of models. This is far from being an obvious fact but it was showed in several 3-3-1 models and recently in the 3-4-1 case. For details see Refs. [6, 10, 11] .
This work is organized as follows. In Sec.II we consider two new possibilities of 3-3-1 models. In Sec.III we consider models with n = 3, m = 3, 4 (Sec.III A). There we will also discuss the cases for n = 4, 5 (Sec.III B). In Sec.IV we give general features of the extensions with left-right symmetry (Sec.IV A) and with horizontal symmetries (Sec.IV B).
We also consider (Sec.IV C) possible embedding in SU (6) . The last section is devoted to our conclusions.
II. TWO 3-3-1 MODELS
Here, we will treat two interesting possibilities of 3-3-1 models with the electric charge operator defined as 2Q = λ 3 + λ 8 / √ 3 + 2N. Both models have the same gauge boson sector, they differ slightly in the scalar sector but they are quite different in the fermion sector. One of the models (model A) has five charge 2/3 quarks and four charge −1/3 ones; the other model (model B) has four charge 2/3 and five charge −1/3 quarks and the third generation in a vector-like representation of SU(3). Model B is an extension with three quark generations of one of the models put forward in Ref. [7] . In model A anomalies cancel out only among all generations with each generation being anomalous. In model B only the third generation is not anomalous.
A. Model A All leptons generations transform as triplets of SU(3)
while quarks transform as follows
and all charged right-handed fields in singlets. Neutrinos remain massless as long as no right-handed components are introduced. We have omitted the color index.
In the quark sector the phenomenological states in Eqs. Let us introduce three triplets of Higgs bosons
and a third one σ ′ transforming like σ.
The most general quark Yukawa couplings are
where i = 1, 2, α = 1, 2, 3, 4, β = 1, 2, 3, 4, 5 and we have chosen the basis D αR = d 1,2,3,4R ,
; with η * , σ * the respective antitriplets and we have omitted SU (3) indices.
Let us assume the following vacuum expectation values (VEVs):
and we also assume that the mass scale characteristic of the SU(3) symmetry is rather high:
Before going on, let us consider the neutral currents coupled to Z 0 . We must determine which fields have the same couplings than in the SU(2) ⊗ U(1) effective theory i.e., when the condition in Eq. (2.6) is satisfied. The photon field is given by
The massive neutral bosons are
which correspond to the usual Z 0 and the heavier one The neutral current interactions of fermions (ψ i ) can be written as usual
where
We obtain for the charge −1/3 sector
10a)
and,
Similarly, for the charge 2/3 sector general mixing in the mass matrix we will implement a GIM mechanism [12] in the model.
Finally, for leptons we have
or,
We see that neutrinos and e − , µ − , τ Knowing the neutral current couplings, given in Eqs. (2.10) and (2.11), in order to avoid a general mixing in the mass matrices we will introduce the following discrete symmetries:
For leptons the discrete symmetries are
14)
The quark mass terms have the form
With the discrete symmetries in Eq. (2.13) the mass matrices become 16) for the charge 2/3 sector, and 
Next, let us consider the interactions in the quark sector. We have the currents
In particular, the interaction with the W + boson can be written as usual with the mixing matrix defined as
On the other hand we have the currents coupled to the V
where ∆ is a 5 × 5 matrix with − ∆ 41 = − ∆ 52 = ∆ 34 = 1 and all other elements vanish. In terms of the mass eigenstates we can write Eq. (2.22) as
where K is defined as We will return to this point later.
In the lepton sector, neutrinos and the usual charged leptons have the same couplings to the W + boson as in the SU(2) ⊗ U(1) model,
The charged leptons get a mass via the interaction with the σ * and σ ′ * scalars. With discrete symmetries in Eq. (2.14) the Yukawa interactions are 
B. Model B
This is an extended version of the model proposed some years ago by Georgi and Pais [7] .
Here we have to consider a third quark generation since today there is evidence of the existence of a t quark [1] . As we will see later, the phenomenology of this model is rather different from that of Georgi and Pais's model in both sectors, quarks and leptons.
Let us first consider leptons. This is the same of Ref. [7] with four antitriplets (3 * , −1/3)
and two other antitriplets with (3 * , 2/3)
The quark fields of the first two generations (suppressing the color indices) are in two left-handed triplets (3, 0)
and the right-handed components in singlets u iR ∼ (1, 2/3) and
nally, the third quark generation transforms in a vector-like representation
The scalar fields are those in Eq. (2.3) but now we can introduce a singlet neutral scalar φ with VEV φ = 0.
As we said before, the gauge bosons are the same of model A. In particular, the neutral ones are given in Eqs. (2.7). Thus, in this model we get the neutral current couplings defined in Eq. (2.9),
for the charge −1/3 quarks. For the charge 2/3 sector we have
In this model, for leptons we have
where ν a = ν e , ν µ , ν τ , ν T and l a = e, µ, τ, T . We see that neutrinos, electron and muon have the same couplings than in the Standard Model, N i have right-handed couplings, and the lepton τ and T have both only vector couplings:
Next, we will introduce the following discrete symmetries
As we said before, the Higgs multiplets are also the same that in the previous model given in Eq. (2.3) but we can also introduce the singlet φ. Hence, the most general Yukawa couplings compatible with the symmetries in Eq. (2.34) are Finally, let us consider the lepton-scalar couplings. The discrete symmetry in Eqs. (2.34c) and (2.34d) allows the following Yukawa interactions
where a, b = e, µ; d = τ, T ; i = 1, 2; Ψ c is the charge conjugated field and ǫ is the completely antisymmetric SU(3) tensor. Recall that the scalar fields must obey the discrete symmetry in Eq. (2.34b).
Charged and non-hermitian neutral currents are
for quarks, and generating neutrino masses may be implemented in this models [13] .
The charged currents coupled to the W + boson can be written, in the quark sector, as
The left-handed currents in Eq. (2.40) can be parametrized in terms of mass eigenstates and Kobayashi-Maskawa mixing matrix,
The right-handed current in Eq. (2.40)
can be written in terms of the mass eigenstates as follows Notice that, besides the neutral currents coupled to the Z 0 given in Eq.(2.9) we have 42) with L N C being parametrized like in Eq. (2.9) and the coefficients L, Rs or V, As being defined as in the Standard Model, and with
for the charge 2/3 sector, and Unlike the model of Ref. [7] , in the present model all Higgs bosons couple to quarks even the scalar with a large VEV. Another difference between our model B and that of Ref. [7] is that in the latter one, there is a mixing between d, s and between b, b ′ . In our case the mixing is as usual among d, s, b, but b ′ has no mixing with other charge −1/3 quarks, at least as long as the discrete symmetries in Eq. (2.34) are preserved. In fact, the mass matrices in model B are different from those of the model of Ref. [7] . We can see these discrete symmetries only as an indication of which ones are the dominant mixings. Eventually, we could allow them to be broken.
Notice also that in both models, A and B, the extra quarks are very heavy since they get mass through the larger VEV σ ′ 0 .
We can also build a model in which there are two quark generations transforming as and four ones transforming as (3, −2/3). In this case it is necessary, however, to include right-handed charged leptons in singlets.
III. MODELS WITH EXTENDED COLOR AND ELECTROWEAK SECTORS A. Models with extended electroweak sector
First, let us consider n = 3 models. When m = 2, 3 we have the Standard Model and the 3-3-1 models respectively. Next, there is a 3-4-1 model in which the electric charge operator is defined as
where the λ-matrices are [14] ,
Leptons transform as (1, 4, 0) , two of the three quark families, say Q iL , i = 1, 2, transform as (3, 4 * , −1/3), and one family, Q 3L , transforms as (3, 4, +2/3)
where u all fields are still symmetry eigenstates. Right-handed quarks transform as singlets under
SU(4).

A model with SU(4) L symmetry and leptons transforming as in Eq. (3.2) was proposed by
Voloshin some years ago [15] . In this context it can be possible to understand the existence of neutrinos with large magnetic moment and small mass. However in Ref. [15] it was not considered the quark sector. The SU(3) L ⊗ U(1) N ′ symmetry is broken down into U(1) em by the ρ, η, η ′ and H Higgs.
As in the models of Sec.II, it is necessary to introduce some discrete symmetries which ensure that the Higgs fields give a quark mass matrix in the charge −1/3 and 2/3 sectors of the direct sum form in order to avoid general mixing among quarks of the same charge.
In this case the quark mass matrices can be diagonalized with unitary matrices which are themselves direct sum of unitary matrices.
In fact, we have the symmetry breaking pattern, including the SU(3) of color,
where x means ρ , η , H [11] .
The electroweak gauge bosons of this theory consist of a 15 W including that ones coupled with quarks, are given in Ref. [11] .
B. n = 4, 5 models
Let us consider now n = 4, 5 models. Although the SU(3) c gauge symmetry is the best candidate for the theory of the strong interactions, there is no fundamental reason why the colored gauge group must be SU(3) c . In fact, it is possible to consider other Lie groups. In general we have the possibilities SU(n), n ≥ 3 [16] .
In particular, models in which quarks transform under the fundamental representations of SU(4) c and SU(5) c were considered in Refs. [8] and [9] , respectively, in the context of the SM. These models preserve the experimental consistency of the SM at low energies.
For instance, in the SU (5) 
Later the electroweak symmetry will be broken and the remaining symmetry will be SU(3) c ⊗
SU(2)
′ ⊗ U(1) em as in the models with m = 3, 4 considered above. Notice that, due to the relation between the color degrees of freedom and the number of families, it is necessary to introduce four and five leptonic families for n = 4 and n = 5 respectively if we assume that the number of quark families is still three. In general we have N l = |n(n 1 − n 2 )| where n 1 and n 2 are the number of quark multiplets transforming as m and m * respectively and
If n 1 > n 2 leptons must transform as m * and if n 1 < n 2 leptons are assigned to m. It is still possible to have N q = N l . Assuming this condition (and n 1 > n 2 ), for the case of even n i.e., n = 2p, p ≥ 2 we have n 1 /n 2 = (2p + 1)/(2p − 1); and for odd n i.e., n = 2p + 1, p ≥ 1 we get n 1 /n 2 = (p + 1)/p. For n = 4 the condition N q = N l is satisfied if n 1 /n 2 = 5/3. Analogously, for n = 5 we have n 1 /n 2 = 3/2. It means that, if we let the number of quark families to be equal to the number of the lepton families, the minimal number of families is eight for n = 4 and five for n = 5.
On the other hand, if we maintain N q = 3 it is necessary, as we said before, to introduce new lepton families. Let us denote these additional families by (N i , E i , E c i ) with i = 1 for n = 4; or i = 1, 2 when n = 5. The new charged leptons must be heavy enough in order to keep consistency with phenomenology. Since the right-handed neutrinos, transforming as singlets under the gauge group, do not contribute to the anomaly, their number is not constrained by the requirement of obtaining an anomaly free theory. Hence, we can introduce an arbitrary number of such fields. When these singlets are added, the Z 0 invisible width is always smaller than the prediction of the minimal SM. In fact it has been shown that in this case [17] 5) where N l is the number of left-handed lepton families and Γ 0 is the standard width for one massless neutrino. Hence, it will be always possible to choose the neutrinos's mixing angles and masses in such a way that the theoretical value in (3.5) be consistent with the experimental one [18, 19] .
IV. OTHER POSSIBLE EXTENSIONS
Other possibilities are models with left-right symmetry in the electroweak sector
N and also models with horizontal symmetries
A. Left-right symmetries
In models with left-right symmetry the V − A structure of weak interactions is related to the mass difference between the left-and right-handed gauge bosons, W ± L and W ± R , respectively, as a result of the spontaneous symmetry breaking [20] .
This sort of models are easily implemented in the 3-3-1 context by adding a new charged lepton E. For instance, in models with left-handed leptons transforming as (ν a , l
In the quark sector, the left-handed components are as in Ref. [4] and similarly the right-handed components, in such a way that anomalies cancel in each chiral sector. Explicitly, the charge operator is defined as
where I 3L(3R) and Y /2 are of the form (1/2)λ 3 and −( √ 3/2)λ 8 + N1, respectively, for the model of Refs. [4] . The Higgs multiplet (3, 3 * , 0) and its conjugate give mass to all fermions but in order to complete the symmetry breaking it is necessary to add more Higgs multiplets.
B. Horizontal Symmetries
Particle mixture occurs in the Standard Model among particles which are equivalent concerning their position in the gauge multiplets. It was noted some years ago that it is possible to determine the weak mixing angles in terms of the quarks masses, provided we assume that all equivalent multiplets of the vertical gauge symmetry transform in the same way under horizontal symmetries. Therefore, the three families are put into a single representation of the horizontal group [21] .
That is, in the context of the SM the gauge symmetry in the horizontal direction was considered as a transformation among the left-handed doublets and among right-handed singlets. At first sight, horizontal symmetries are less interesting in the context of 3-3-1 models since quark generations transform in a different way under SU(3) L ⊗ U(1) N .
Apparently, the only possibility is the horizontal G H = SU(2) H symmetry. In this case there are no additional conditions for canceling gauge anomalies since SU(2) is a safe group.
For instance, with n = 3, m = 3, 4, the three quark generations transform, in both left-and right-handed sectors, in the following way: two of them as a doublet and the third one as a singlet under SU(2) H [22, 23] . The same is valid for leptons but in this case the three lepton triplets can transform as the adjoint representation as well.
The horizontal gauge bosons and the extra Higgs bosons have to be heavier than the W bosons or very weakly coupled to the usual fermions in order to suppress appropriately flavor changing neutral transitions in both, quark and lepton sectors.
C. Embedding in SU (6)
There are also the grand unified extensions of all the possibilities we have treated above.
The group SU(3) c ⊗ SU(3) L ⊗ U(1) N has rank 5 and it is a subgroup of SU(6). In the last group, it has been shown that the anomalies, A, of 15 and 6 * are such that A(15) = −2A(6 * ) [24] . Then, pairs of 15 and 15 * ; 6 * and 6 [25] and, finally one 15 and two 6 * are the smallest anomaly free irreducible representations in SU (6) . On the other hand, the representation 20 is safe.
Just as an example, let us consider the SU(6) symmetry which is a possible unified theory for model B. Using the notation of Ref. [26] , in the entry (a, b) f (N), a is an irreducible representation of SU (3) 
. Two quark generations transforming as (3, 3, 0) and the right-handed u-type quarks are in two 15 Let us consider the prediction of the weak mixing angle, sin θ W . In SU(N) theories we have 5) where t 3 is the third component of the weak isospin, Q is the electric charge and the sum extends over all fields in a given representation. Hence, in SU (6) Higgs [30] . Hence, it could be interesting to study the way in which the masses of the extra Higgs and exotic quarks in the model become large, as it has been done in the standard model scenario for an extended Higgs sector [30] or for the mass difference between fermions of a multiplet [31] . It means that there is no "grand desert" if 3-3-1 models are realized in nature.
How can we study the embedding of the SM in 3-3-1? The last model has fields which do not exist in the minimal SM, but which are present in the same multiplet of 3-3-1 with the known quarks. For instance, the quarks J's have to be added to the SM transforming as In the previous sections we have examined two 3-3-1 models, both of them with extra heavy quarks and leptons, and also possible extensions.
What we want to do now is to discuss briefly some possible phenomenological consequences concerning models A and B dicussed in Secs. II A and II B, respectively. iii) It is very well known that almost all Z 0 -pole observables are in agreement with the Standard Model predictions [18] . There are, however, two of these observables which seem not to agree with the model's predictions: a) the first one concerns the heavy quark production rates It is possible that this will be an indication of new physics generating a vertex correction to the Z coupling or by new box contributions, however the most exciting possibility is a new physics at tree level.
All 3-3-1 models have some of these requirements and no doubt they deserve to be study.
In particular model B has the flavor changing right-handed current in Eq. (2.44). In fact, it has been pointed out recently that the discrepancy between both measurements can be reconciled if a new neutral gauge boson Z ′ 0 nearly degenerate with the Z 0 do exist [34] .
This new neutral gauge boson may also be responsible for the observed value of R b .
Notice that according to Eqs. A similar situation occurs in the charge 2/3 sector.
On the other hand, all 3-3-1 models have both Z ′ 0 and extra fermions. In particular there are heavy leptons in the models that we have considered above [35] . In these models it could be necessary to take into account all new fields present in the model. Constraints coming from the neutral K mass difference would not necessarily imply a heavy Z ′ since we can obtain consistence with the observed value of this mass difference by choosing appropriately some of the matrix elements of V iv) Some time ago it was pointed out that since the left-handiness of the b quark has not been tested experimentally this quark may decay through, in the extreme case, purely righthanded couplings to the c and u quarks [36, 37] . A test of the chirality of the b quark is the decay of polarized Λ b baryons. These ideas were worked out in the context of an SU(2) L ⊗ SU(2) R ⊗ U(1) model. In such a model the smallness of the b to c coupling is due not to the value of the corresponding mixing angle but to the small value of the right-handed Fermi constant G F R , and the right-handed W R boson must be light since [38] v) These models predict new processes in which the initial states have the same electric charge as f f → W − V − . This type of processes have only recently begun to be studied [40, 41] . Also in some extensions of these models, with spontaneous and/or explicit breaking of L + B symmetry, it is possible to have kaon decays with |∆L| = 2, like K
Similarly in D and B mesons decays. Experimental data imply B(K + → π − µ + µ + ) < 1.5 × 10 −4 [40] . The process e − e − → W − W − which also could occur in some extensions of the 3-3-1 models has been recently investigated in other context [41] .
In summary, none of these models is severely constrained at low energies. For instance, in the leptonic sector both of them are consistent with the existence of three light neutrinos [18] .
Notice that in model B, the massless neutrinos (at tree level) ν e , ν µ do not mix with the in Eq. (2.37). Neutrinos will get mass through radiative corrections and some of their properties as the magnetic moments will be studied elsewhere.
Another interesting feature of this kind of models is that they include some extensions of the Higgs sector which have been considered in the context of the SU(2) ⊗ U(1) theory: more doublets, single and doubly charged singlets, triplets, etc.
The supersymmetric version of the model of Ref [6] has been considered in Ref. [42] .
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